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Introduction
Ever since the ground-breaking work of [C-dlO-G-P] , mirror symmetry and its meaning and consequences have been investigated by several groups of people both from the mathematical and from the physical point of view. (See the introduction of [L-L-Y] and references therein for background and for a comparison of different approaches. See also [MS] .)
In this note, we apply the theory developed in the series of papers [L-L-Y] I, II, and III, to compute new intersection numbers on stable map moduli spaces. The theory goes beyond justifying mirror symmetry that relates the usually difficult A-model computations to the much more tractable B-model computations for Calabi-Yau manifolds. Indeed, the theory is a way to directly do the "A-model" computations for manifolds which are not necessarily CalabiYau. It is the goal of these notes to explain this and to provide a computer code that carries out the actual computations for bundles over CP n . To make this article more self-contained, we recall in Sec. 1 the definitions of the basic objects involved and the Atiyah-Bott localization formula that is used substantially in the theory. In Sec. 2 and Sec. 3, we focus on the case of critical bundles over CP n and consider their Euler classes. In Sec. 2, we give a quick summary of facts and formula from [L-L-Y] I-III that are directly related to the actual computation of Euler data {Q d } d and the intersection numbers K d . In Sec. 3, we explain how the theory of [L-L-Y] gives rise to a system of linear equations that can be solved inductively. The solution of the system gives the Euler data {Q d } d , from which the intersection numbers K d can be computed. After these, we then discuss in Sec. 4 the modifications needed to also take into account non-critical bundles. There the Chern polynomial is considered. In Sec. 5, we single out six examples whose first few K d are computed this way, using a Maple code given in the electronic version math.AG/0003071 of the current paper.
This article is serves as a supplement to and a computational account of [L-L-Y]. As a result, our notations and terminologies follow [L-L-Y] very closely. Readers are referred to ibidem for more theoretical details.
Essential mathematical backgrounds for physicists
We collect in this section the most essential backgrounds for understanding these notes. Along the way, we also set up the notations for the notes.
Stable maps and their moduli [Ko] . Definition 1.1 (stable map). Let X be a smooth projective variety. An npointed stable map into X consists of a connected marked curve (C, p 1 ,· · ·, p n ) and a morphism f : C → X satisfying the following properties:
(1) The only singularities of C are ordinary double points.
1 and is mapped to a point under f , then C i contains at least three special (i.e. nodal or marked) points. (4) If C has (arithmetic) genus 1 and n = 0, then f is not constant. Remark 1.2. Given Conditions (1) and (2) in the above definition, Conditions (3) and (4) are equivalent to the assertion that the data (f, C, p 1 , · · · , p n ) has only finitely many automorphisms. Given a class β ∈ H 2 (X, Z), the moduli space of all stable maps
Equivariant cohomology (see [Au] ). Given a group G acting on a space X. Let BG be the classifying space and EG → BG be the universal principle G-bundle associated to G. The equivariant cohomology H * G (X) of X associated to the G-action is defined to be
where X G = EG × G X is the total space of the associated X-bundle over BG.
is given by integration along the fiber of π X . This is also called the equivariant integral. In notation,
Remark 1.3. In this article, the coefficient for H * (X G ) can be Q, R, or C. Usually we use Q or C in the discussion.
, the polynomial ring generated by λ 1 , · · · , λ r , where λ i is the first Chern class of the hyperplane line bundle O(1) over the ith CP ∞ in the product.
Let T r → GL (N + 1, C) be a representation of an r-torus on C N +1 with weight (β 0 , · · · , β N ). Note that each β i is a linear combination of the λ j 's. This induces a T r -action on CP N . With respect to this action,
where ζ is the equivariant hyperplane class from a fixed lifting of the hyperplane class of
. The Atiyah-Bott localization formula [A-B] . Let T be an r-torus that acts on a manifold X with the set of fixed points, a union of smooth connected submanifolds Z j . Then the normal bundle N j of Z j in X is a T -equivariant vector bundle with its equivariant Euler class e T (N j ) ∈ H * T (Z j ). There are three fundamental maps between H * T (Z j ) and H * T (X) :
(1) the restriction homomorphism:
(2) the Gysin map:
Fact 1.5 (Atiyah-Bott localization formula). The following map is an isomorphism
Combining these two, one has 
where k runs in { 0, · · · , N }; and the Gysin map i j ! is given by the cup product with k =j (ζ − β k ). Thus, from the localization formula, one has
with weights λ 0 , · · · , λ n . It induces an action on CP n .
Definition 1.7 (concavex bundle)
. Let V be a T -equivariant vector bundle over CP n . We call V convex (resp. concave) if the T -equivariant Euler class e T (V ) is invertible and
We call V concavex if it is a direct sum of a convex and a concave bundle. We denote this decomposition by
Definition 1.8 (splitting type). Let V be a T -equivariant concavex bundle over CP
n . Let l a , k b be positive integers such that for every T -invariant line
Summary of related constructs in "Mirror Principle"
Setup of the problem.
) be the moduli space of stable maps into CP n , of degree d, genus 0, without marked points; and similarly for
Then one has the following S 1 × T -equivariant diagram:
where ρ forgets and ev evaluates at the marked point of a 1-pointed stable map; U d = ρ ! ev * V , the push-forward via ρ of the pull-back of V via ev ; π, the contracting morphism, is induced by the projection of a stable map in CP 1 × CP n to the CP n component and contracting the unstable components; and ϕ, the collapsing morphism, will be explained in the next two items.
Let c top be the top Chern class (i.e. the Euler class) of U d , then the intersection number of degree d is defined to be
One of the goals in the mirror symmetry literatures is to compute K d 's and to relate them to enumerative problems on CP n , or some varieties therein. An important insight from [L-L-Y] is that one can reduce this problem to an easy problem on projective spaces
In fact the intersection numbers K d can be recovered from cohomology classes
, called Euler data, defined on those projective spaces. In turn the Euler data can be computed essentially by an elementary algorithm, and, sometimes, via an explicit formula. A nonlinear recursion involving graph sums was used to compute K 4 in the case of O(5) on CP 4 in [Ko] . If b is any multiplicative cohomology classes, then we can apply our algorithm to compute the integrals
More generally, suppose a, b, . . . are any multiplicative cohomology classes. Then, for any given vector bundle V , we have
where a i (V ) is the degree i component of a(V ). We can homogenize a by writing
where x is a formal variable, and the class a x remains multiplicative. Likewise, we have 
Note that this number is zero unless the integrand has the right total degree. Notation (cf. Example 1.4). We shall adapt the following notations for the rest of the article: 
This induces a G-action on
Via these embeddings, the identity map on
Explicitly, ϕ can be described as follows:
Let (f, C) ∈ M d and π 1 , π 2 be the projections of CP 1 × CP n onto its first and second factor respectively. Then one can decompose
Geometrically, ϕ collapses all components of C except C 0 .
The fixed-point loci. The fixed-point loci of the various group actions in the problem are summarized below (cf. [C-K] and [Ko] ): group action fixed-point loci
Here 
An immediate consequence is the following lemma:
Recall the various bundles and maps from item Setup.
We call a concavex bundle V → CP n critical if the induced bundle
. Let V be a critical concavex bundle over CP n . Then in the non-equivariant limit λ → 0,
Remark 2.5. Since H n+1 = 0, one can rewrite the above formula as
Note also that in [C-K] 
Determination of an Euler data. By the localization formula, Q d is determined by its restriction
Since the Euler data condition says that
, it turns out that, to determine Q d , one only needs to know its restrictions 
Furthermore, Q is completely determined by the value of the restrictions i *
These values are given explicitly by
Remark 2.7 (total degree bound). For V critical, since the rank of
, the total degree of Q d , as a polynomial of κ, α, and λ, is bounded by (n + 1)d + n − 3.
These facts and remarks allow one to compute Q d as a polynomial of κ and α with coefficients in C(λ 0 , · · · , λ n ). We now turn to this detail.
Computation of Q d inductively
Following previous notations, let V be a critical concavex bundle over CP n of splitting type (l 1 , l 2 , · · · ; k 1 , k 2 , · · · ). Then Q 1 can be computed, using the Atiyah-Bott formula. The higher Q d can be computed by the recursive relation from the gluing identities, the special values of Q d at the fixed points, and the α degree bound of I *
Thus, using the Lagrange interpolation formula, one obtains
. −α) . In this way, the restriction of Q 1 at the set of fixed points of the S 1 × T n+1 -action on N 1 are all acquired. Using the localization formula and playing around with the indices, one obtains an exact expression 
By the Reciprocity Lemma
Since we have an explicit formula for Q 1 , we may assume that
Systems from the gluing identity. The gluing identity that an Euler data must satisfy is completely encoded in the following two systems of linear equations in w µν :
( System from the α-degree bound.
(4) deg α I
